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1. INTRODUCTION

In [4] Feinsilver presented an operator calculus that allows, among
other things, to compute transition semigroups in terms of naturally asso-
ciated Hamiltonian flows, but in his work the infinitesimal generators of
the transition semigroups, or their associated Hamiltonians, depend only on
the "momentum variables". Here we extend his techniques to situations in
which the Hamiltonian may depend on the position variables. This will allow
us to treat a larger class of processes and to bring into play the theory of
canonical transformations. |

This paper is to be the first of a series, very much modelled on [4],
and we shall assume familiarity with its notations, results and techniques.
Below we state the basic assumptions to be kept in mind throughout, in sec-—
tion 2 we extend some of the results in [4] to our situation and we give
a classical model for the Girsanov transformation: it corresponds to a canon-
ical transformation. After this we study how do transition functions 'change
under canonical transformations".

In section 3 we work out some examples, after which in section 4, we do
a brief study of moment systems.

Let H(x,p) the Hamiltonian function, be a real analytic function defined
on ]izn such that H(x,p) = T(p) + a(x) - p + V(x) or reducible to such form
by means of canonical transformations (see [7] for a crash course in classical
mechanics or [1] for full detail). We shall assume that the canonical equa-

tions

e
1l

(n z dxi/dt = BH/Bpi » by = dpi/dt = - BH/Bxi
have a global solution through each initial point (x,p), which defines a
flow @t(x,p) on Bizn. By x(t) or ¢l(x,p) we will denote the first 11 compo-
nents of @t(x,p).
A function F(x,P,t) will be called the generating function of the canon-

ical transformation (x,p) - (Q,P), if the equations

(1.2) Qi = BF/BPi s P; = BF/BXi




in be solved for (Q,P) in terms of (x,p) and back, In this case the new
miltonian function and canonical equations are

~

.3)-a H =H + 3F/dt
.3)-b Q = ofi/ep, , B, = - dH/30,.

isociated to H(x,p) we put G = H(x,D), when D = (8/8x],...,8/8xn) and as-

me the existence of a "transition function" pt(x,y) such that
_ , tG _
.4) PE(x) = (e7D)(x) = | Pt (x,y)£(y)dy

:fines a semigroup, on an appropriately large class of functions f, having
ott
ot
tistence of a positive function @ the vacuum function, such that

0’
:QO = QO (or G, = 0).v

ifinitesimal generator G, i.e., = GPt = PtG' To finish, we assume the

0

. OPERATOR CALCULUS

Here we extend some of the basic operator calculus of [4] to our set up.
1sic to the subject is the idea of thinking of functions as multiplication
serators acting on the vacuum function. Feinsilver does it by taking Qo =1,
1t one can also reobtain f(x) as (fQO)(x)/QO(x). Let us begin with an ex-

mmsion of the

.L (Generalized Leibnitz Lemma). Let K(x,D) denote an operator such that

x,p) s analytic and the D's are to the right. Then

(m) (m)
8_"U 3 S (D) /(@)

K(x,D) © U(x) =)
(m) Bx(m) Bp(m

(n)
1ere we are using the multiindex notation, i.e D = =
9 (x)
m
"1 5 1 \ .
= — .., (m)! =m, ! ...m_ ! etc., for (m) = (m,,...,m ).
3 b ? b
N 8Xnmn 1 n 1 n

00F. As in [4], it suffices to consider, with ek(x) = expik.X,




K(x,D) e ) e, (x) = K(x,D)e, ., (x) = R(x,ik+ik') e, . ()
.. (m) s (m) .
= (ik) *Folkex 2 K(x,ik") e ik'.x
(m) (m) 3P(m>
(m) (m) e
=) 2 et A g@x,D) e /@! 0O
(m) ax(m) ap(m)

yutation that will be needed repeatedly below is contained in

SITION 2.1. Let £L(p) denote an analytic, real valued function on R
(p) = VL(p). Then for a,k € R, and a,b € R, b # 0.

exp(aa.F(D) +ba-x) e, = P4 ¥ exp %{K(ik+bu) - £(ik)} eik'}f

. To obtain this result we use the following version of Trotter's

:t formula, [9],

exp a.(aF(D) +bx) e, = lim (exp aa.F(D) exp ba.x " e
n—>o T —— n k

bserve that

exp ao.F(D) .expx.(ik+ba) = exp _ar_?_ LF(ik +Pt—?—) exp x.(ik+PI—lo—L
n n

iterating one obtains that the left hand side of (2.2) equals

n
z %%— . F(ik+%i) exp (ba+ik) .x

1_i>m exp
n>0 j=1

, after converting the Riemann sum into an integral, yields (2.2)

Another variation on the same theme, with a similar proof is

SITION 2.3. Let h(x) be a smooth function and let K(x) = Vh(x)
for x,k € ]Rn, b,a # 0 in R

exp a.(aD + bK(x) e, = exp ax.k exp %{h(x+aoc) -h(x)} elk'}.{



. . 2 .
An important special case of this corresponding to h(x) = Ix” in

1ich (2.4) becomes

2.5) exp a.(aD+bx)e = expma'k

exp ba.x+4b a0’ exp ik.x

1ese two results are an extension of proposition 8 in [4]. The next result

5 the basic tool for the examples in the next section, It is an analogue

f the duality of the Heisenberg and Schroedinger representation in quantum

achanics [6], and it extends the comments right before prop. 8 in [4].
Starting from pt(x,v) put qt(x,y) = Qal(x) pt(x,y) Qo(y) and define the

amigroup Qt by

](ethQO)(x).

- - -1 _ -
2.6) Q. f(x) = | q Y E(y)dy = 95(x) P Q) (x) = 25(x)
eartainly, when qt(x,y) is known, pt(x,y) can be obtained from

P (6y) = 9,00 a,Goy) 95 ().

ROPOSITION 2.7. With the above notations, and for H of one of the two forms

= T(p) + a x.p . V(X) or H = %pz +a(x).p + V(x), where a ¢ R or
(x) = VA, A(x) being real valued analytic,

2.8) Q) ) =9, @ty 9,) ®

here C' = C+(t) 18 ®é(xlp) with p replaced by D. (The reason for the nota-

ton will become apparent in section 4).

1, tH, —-tH tH

! (e Me M ) (%)

ROOF i. In the style of [4], Qo(x)_ (etHfS%))(x) = QO(X)—

2,0 ™ (£(¢Ha) .

ROOF ii. We shall verify that both sides have the same derivative with res-
ect to t. We do it for H = T(p) + a x.p + V{(x), the other case having a
imilar proof. Put Ut(x) = Qtf(x), then it suffices to verify that

1

2,07 6(U,00) (x) = Lin é—{Qo(x)—l(Ut(Ct(e))Qo)(x) - U, ().



2 + =
ip to 0(e”), C (e) = x + eVpH p=D = (l+ea)x + eVT(p)|p=D =
:ta)x+e £ (D). Then :

1

1im-l— 19,07 U (€7 (e)9) () -V, ()} =

+
. 1 -1 - - ik.C (e) ik!x

= 1 —_ 1 - )

8}:8 - {QO(X) JJ Uék) 2 (k") {e e 1}dk ’dk

dk denotes the n-dimensional volume element in R" s

= fUt (x)C—lkx dx /(27r)n and the same for ﬁo(k).
Now, from (2.2) and then from GLL it will follow that, after takin
as €~>0, thev last expression yields

1

() ” 5t(k) ﬁo(k'){ﬁ(x,ik +ik') - H(x,ik)} e ¥ o 1K'X g gy

_ .y (M) o (m) Lt
2 () by J@—-Ut(k)elk *dk J B H(x,ik')el® *§

(m)=1 (m)! ap (m) ¢
-1 5 (m) a(m)
- (m) (m)
= 0, (x) : 6) _a_z__)_ U _(x) —3—(—7 H(x,D)Q)) (x)
(m=1 »x'™ t o g

7,007 €U0 ) O

2, ()™ (H(x,D) U,Q)) (x)

(m) = 1 denotes the multiindex in which at least one element is 2
1e second step next to the last follows from our assumption on §
£,D) QO = GQO = 0.

Let us now examine the transformation pt(x,y) > qt(x,y) =

0’

x)-.l pt(x,y) Qo(y), H = %p2+ a(x).p + V(x) and P, is the transiti
roup of a Markov process Xt’ then Qt is the transition semigroup o
rocess obtained from Xt by subordination with respect to QO(Xt) /QO
YNKIN [3], and the infinitesimal generator of Qt is

GE(x) = Qo(x)—l(GfQO)(X) =1Af +h(x). VE +

A denotes the Laplace operator and h(x) = Ven QO (x) + a(x).




The relationship between that and subordination with respect to

_ 1.2 . 2 _ _(t
L=mom with m_ = exp fO V(Xs)ds and
t va t 2
m! = exp (9 X)) dax - it (Xs)ds’
t 0 s S Q
0 0 0

0
1s already been noticed, see [2] for a review. Here dXS = dBt + a(Xt)dt,

Nl

. being the standard brownian motion on R" . Of course
tf(x) = Ex{f(Xt) exp IS V(Xs)ds} and the connection with the first sub-

rdination comes from noticing that due to H(x,D) Q 0,

0=
Q. (X)/9, (X)) =m_ =m' n’
0 t”" 00 t t t
1e connection with classical mechanics is the following: the canonical
ransformation (x,p) -+ (Q,P) = (x,p - Vﬁnﬂo) is generated by
(x,P) = x,P-wVEnS?O(x) and is such that the new Hamiltonian 1is
(Q,P)= %(P+Vﬂn90)2 + a(x). (P+V£n90)-+V(x) which after replacing Pi by
/8Qi becomes G as given by (2.9). To finish this digression we note that
ven when the subordination with respect to multiplicative functionals ca
ot be applied, for example when H = T(p) + a(x).p + V for general T(p),
he infinitesimal generator G'can still be obtained from G by means of th

anonical transformation (x,p) - (Q,P) = (x,p-—VKnS%)). This is the conte

f

/

EMMA 2.10. Letuh(x) = Vﬂnﬂo(x). Then'fbr any multiindex (m)

2.11) @+h ()™ (x) = Qo(x)" () ™ £2,4) ()

ROOF. When | m| = Zmi = 1 it is obvious. Assume (2.11) is true for some
hen if di = (0y00051,0..,0) , 1 =1,2,...,n,

(m+85)

- _ S
2,0 (@ ™ g ) (0 = 2,07 @ ™ o @ o)

S, (m+6.)
- o) ™ (@ T sn(x)) = (+h) - £+ D

This degression about canonical transformations can be cast into a

ramework analogous to that of quantum mechanics (see [8] for example).



' n . .
-ivate, notice that if F(x,P) = i£1¢i(X)Pi with ¢ = (¢1,...,¢n) being
feomorphism of R onto itself (or onto some appropriate open subset

~ LR ik ~
) and if f: R® > R then if f(k) = fel Q f(Q)dqQ.

) £ = Tew) = [T
(2m)

ne nice thing about the substitution transform (2.12) is that it is

tible, i.e.,

. n -1
. 2.13. With the same notations as above, <f F'(Q,p) = ? ¢i (Q)Pi

) 3 = Je‘F'M) B(k)dk
(2m)
-F' (Q,ik) _ikx
(2m"

nt: The role of the above canonical transformations will become more

. It suffices to notice that je dk = 6(¢—1(Q) -x). [

in example (e) below.

This whole setup can be extended to canonical transformations of the

n
) F(x,P,t) = ; ¢, (x,£)P; + ¥(x,t)

d(,t): R® > R" has a differentiable universe, smooth in t, etc.

b e, -6 @),

) F'(Q9P3t) = E ¢:
‘ates the canonical tranformation inverse to (2.15), and Lemma (2.13)

1es
. 2.17. With the same notations as above, if

e—F(x,ik,t)

- Tk, 0dk = e V) Fo(x, 1)
™

)] f(x,t) = J




2.19) T, t) = Jr ~F (Q’P)’t) (k,t)dk
(2m

R00F. Similar to that of Lemma (2.13). [

smments. Of course Lemmas (2.13) and (2.17) can be proved by trivial sub
citution. The whole point of (2.18) and (2.19) is to have a scheme allow
>r the transformations themselves and for possible extension to more gen
ransformations. This is carried out below. We obtain in this way a theor
f representations of a subgroup of the group of canonical transformation

Let us examine now how to relate solutions of 3p/yt = EB' to solutio
f 9p/3t = Gp, where the Hamiltonians H and H, associated to G and G res-

sctively, are related by (1.3-a) i.e., § = H + 3F/dt. This is the conten

ROPOSITION 2.10. Assume that F(x,P) 78 given by (2.15) and that

106~ 1(Q, (VF) ("1 (Q), 3/3Q)) + (3F/3t) ("1 (Q),0

G = H(Q,3/Q)

1]

T(3/3Q) + U(Q)
Wd let p(Q,t) satisfy ap/ot = Gp(Q,t), then
o(x,t) = e V8 Fh(x,t),1) = J TFG G0 5 ey d/ (2m)®

1tisfies 3p/ot = Gp(x,t).

R00F. By taking Fourier transforms of 33/yt = G0 note that

p(k,t)/dp = (%(—ik)-#ﬁ(—ivk))ﬁ (k,t), where the symbols have

1 obvious meaning. Now,

30/ ot Je'F(X’ik’t){- % (x, ik, £) +T(-ik) + T(-17,) 1k, ) dk/ (2m™

=J’ -F(x,ik,t) aF(" )+ T

aQ)+U(Q)}J Q5 (0, )4Q ak/(




: Je‘F—@-‘—’ik—’E) {3 J[eiQ'kB(Q,t) dqQ dk
2m”

{ } stands for
W™ @, 67 @, 55 + GO @, 550 ~5 Gigge O
1sing the representation

Je-F(x’ik) e g/ 2m® = eV 5600 - Q)

1tegrating with respect to Q we obtain the desired result since the

-wo terms cancel out. []

‘o close this circle of ideas, and to tie up with lemma 2.10 and the
its preceeding it, note that when

tG ~ tG

) = x.P -wanﬂo , Qt f =e " f can be computed with the aid of Pt =e
L2

llows: apply Pt to f(x) = e nQOf(x) = QO(X)¥ (x) and express in terms
=x) again Qt% = eﬁnQO(X)(PtKQ)f)(x) = Qo(x)—l(PtQOf)(x). But the most

tant application is contained in

EM 2.21. Assume H = H(p), i.e., the classical system is integrable. Then
,t) = x.P-H(P)t €8 the canonical transformation "bringing the system
st" and p(x,t) = [exp - S(x,ik,t) £(k) dk /(2m)" satisfies

P _
) i H(D) p

p(x,t) - £(x) as t > 0.

%—E— - J(- 2_?:.) exp — S(X’k,t) E(k) dk /(2“)n

= [H(ik) exp ikx exp +H(ik) t £(k) dk /(2m)™ = H(D) p (x,t)

95

we used H(ik) + e (x,ik,t) = 0. The limit as t >~ 0 is obvious. [

nts. The open problem is now, given a system described by H(x,p) and a

formation (x,p) >(Q,P), generated say by F(x,P), what is the %(Q)




yrresponding to £(x)? When the x's and p's are not mixed, the results are

sntained in Lemma 2.17 above, and to treat the general case note the fol-

wing

IMMA 2.22. Let F(l)(x,pl) , F(z)(xl,pz) be the generating functions for the

ransformations (x,p) +—(xl,p}) > (xz,pz), then
2 (1, 11 _(2),.1 2 :
(x,p°) =F '(x,p¥) -x .p+ F "7 (x ,p) generates the composite transfor—

ation (x,p) - (xz,pz).

ROOF. Just use (1.2).

omment. When F(z) (x],pz) is the inverse of F(l)(x,p') then F(x,Pz) = x.P2

enerates the identity transformation

EMMA 2.23. Let F(x,P) and F'(Q,p) be the generating functions of

x,p) > (Q,P) and its inverse. Then

dx = 6(k-k')el (@)~ ik

eik.x—F(x,ik')
2.24) J

em™

'ROOF. Multiply the left hand side of 2.24 by e—lk'a and integrate in k, use

. F(a,il) = - ia.k = iQ.k'+ F!(Q,ik) as follows

e—ik-a,eika _F(x, ik . .

jdx J.~_L—_—§—— e X,1 )dk = J §(x-a) e_F(x’lk,)dx - e'F(a,lk )
(2m)

- e—ia)k'+ F(Q',ik')-iQ-k' J

[ sqeoxry FQR-IQK! mika g g

‘o close note that all generating functions could depend on time, and finish

‘he section with

'ROPOSITION 2.25. Define

£(x,t) J e TGk, E) B yar/2m®

‘hen

F(Q,t) J e FHQIKE) T yak/2mP.
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From Lemma (2.23) it follows readily that

E(k:t) = -}-ikx f(X,t)dx = ?(k,t)eF'(Qsik) - iQ-k

Jre‘F'(Q,ﬂO () ak/(2m"® = J'%(k,t) g/ 2m® = FQ,0). O

AMPLES

The one dimensional oscillator process.

Let H(x,p) be %(pz—wzxz+w). Now Qo(x) = exp-—(wx2/2) is annihilated by

(D2—w2X2+u)). The canonical equations are easily integrable, yielding

= xcoshowt +'f—) senhw t. Set C+ = bx + aD with b = coshw t

enh wt/w. Now

k.C+ ik'.x
e

£(ch 2,(x) = ” £(k) B, (k") e i dk dk'

ith the aid of (2.4) or (2.2) we obtain

2
. . _ .
£(ch QO(X) - JJf k) e k senhwtz: cosh wt elkxgo(x-ik _se_nz__g)L) dk .

expanding the exponential in Q,(x), regrouping terms and undoing one
P g 0 g g

Fourier transform one obtains

-1 2
2,0 £(CN) 9,00 = Jrf () {exp - (y-xe“%)2/20(t) Yy / (2m0(£)) /2
o(t) = (1-e 29%) /2,
Some (Obvious comments are due. First the semigroup etG is related to

2

emigroup etGO » Gy = %(Dz-w xz) by means of the obvious subordination

e+tw/2 etGO. The role of the subordination is to allow us to have

a vacuum. Certainly the transition density pg(x,y) of etGO is

2 pt(x,y). Also the pt(x,y) is related to the density qt(x,y) of Qt
ntioned above. We only add that the generator G of Qt is {1 D" -w xD,
enerator of the Ornstein-Uhlenbeck process. Thus the oscillator process
he 0-U process are related by the canonical transformation generated

x,P) = xP + xzw/Z + t/2.




b) A particle in a constant force field.
. . 2 . .
The Hamiltonian H = { I P{/m{ + E.X can be transformed into

=1 P2 + ax, + Io P?/Z by means of a canonical transformation, thus it

1 1 2 v
uffices to consider H = } P° + ax together with G = } d22 + ax,
Observe now that the generating function dx
F(x,P) = xP + atZP/Z - axt - t3a2/6
ransforms (x,p) into (Q,P) = (x+at2/2,p+at) and H into
~ COF _ 2
H=H+z=4FP".
2
0 ( -(Q'-Q) /2t
or the free particle, (e  £) (Q = ] f(Q')e —— dq'
2
(ZHtf/“
nd therefore, according to the results of section 2
tH vatx+azt3/6 tH 2
(e B)(x) = e (e "f)(x+at”/2)
hich yields for pt(x,y) the result
2 2.3
/_ -1/2 _ (x-y) (x+y)at , a't
Pt(x,y) = (2wt) exp{ 5 — * 5 +

c) A repulsive oscillator in a constant electromagnetic field.

The Hamiltonian function is given now by

2
3.2) H = %(Pz--A(x))2 + E.x - %?-xz

here A(x)

Ax, E being a fixed vector and A the matrix

0-1 0
=w|{ 1 0 O
0 0 O

s such that for any vector N, AN = BAN with B = curf A and A denoting

-

. 3 . .
he standard vector product in R~ . This example may be transformed into
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:xample (a) by means of two canonical transformations. Put R(t) = expt A,
hen with the aid of

F(x,m) = (m,R(t)x) = 7. (R(t)x)

transform (3.2) into
2 2
H' = 3(1° - (q,07q)) + E(t).q

where E(t) = R(t) E and 02 being a diagonal matrix with diagonal entries
2 2 2 .2 2 2

0] =0, =w Yy, 05 =y Certainly q = R(t)x and m = R(t)p. Now, choose
homogeneous but time dependent vector fields £(t) and n(t) and a function

¢ (t) such that

F'(q,P) = q.P + P.E(t) - q.n(t) + ¢(t)

generates the transformation (Q,P) = (q+&(t), 7 + n(£)) and

~ oF' 2
H=H" + B3 =3 (P7-(Q,0Q) .
) . . 2 s .2 22
It is easy to see that € = n, n =0 E+E(t) and ¢ + 3(§"+0°E") = 0, and
one can take zero initial conditions all over when integrating these equa-

tions.

From example (a) it follows that in the Q coordinates

@ - [r@) 5, @ana
with
gt(Q,Q') = N(t) exp - Zoi{(Qi-FQiz) Cosh o.t = 2QiQ£}/senh o.t
and
N(t) = (2nn1n2n3)_1/2 tflz.

eXP‘Z tGi/Z = (21T010203/senh0 senh 0, senh o

1 2 3
Now, taking into account that at t = 0 all the canonical transformations
considered in this example reduce to the identity, we obtain, undoing all

the transformations above that




P (x,y) = N(t)exp B,R(-0)n () = 0(t) - 4 ] {(y2 + (%, ()+ £)D)
cosh o.t - 2yi§i}oi/2 senh cit].

lere §i = (R(—t)x)i.

*tually, since the H'above is time depended, a trivial correction is needed

t-g (Q:Q") to the
\te f obtained from f' by means of (the inverse of) F(q,P,s). This would

1en obtaining Pé(q,q') from Et(Q,Q') = one should apply P

ield P; t (g,q") correctly.
b
All this examples yield the quantum mechanical expressions when the

1ange t > it is made, see [5].

1) We shall mention that there is another class of problems that reduce

> the oscillator process, namely problems leading the forced and damped
scillators characterized by the Newton equation x + AXx + wzx = f(t). These
s well as applications to some infinite dimensional systems are appearing
Lsewhere. '

:) Consider now the system with Hamiltonian H = } Zi(Zjaij(x)PZWhere

. -1 T . :
1e aij are the components of the Jacobian of ¢ : R"™ > R". Consider now

1e canonical transformation

F(x,P) = ] ¢; (x) P,

1en (Qi’Pi) = (¢i(x), ? Qij(X)Pj) and H = § Pi . Given
f(x), %(Q) = f(¢_l(Q)) and therefore

B @ = ) ) = If(Y){eXP‘(-¢(y)"¢(X))2/2t}J(Y)

dy/(Zwt)n/z

1ere J(y) = det(BQi/Byj).

E) Consider now a particle diffusing on the unit circle. The corresponding

. . . 2
achanical system has Hamiltonian H = % L and G = 5~
In this case C+ =0 + tIL and
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- . R e _ 2 tI
(etHf)(a) =f(C)1 = z f(n) e—lnC /2w 1 = z f(n) e 1n(x/2n'e (%%i 2
27 n n
%(n) = 7%- } f(a)eln(x dc.
0

1 about these examples: what they have in common is that the canonical
formation reducing the initial problem to a "known'" problem induces a

formation of the "spacial coordinates'" alone. We hope to complete the

ment of more complicated cases of integrable systems using the results
e end of section 2 in the near future

Also, the anologue of these techniques in the context of quantum

1ics will be the subject of a forthcoming note, for it requires a

ing of its own.
ME MOMENT THEORY

In this section we explore some partial aspects of a possible extension
2 results in [4]. It is here where the reason for introducing the canon-
variables Q = x, P = p - V@nﬂo becomes apparent, namely, PQO(x) = 0 and
1 is a vacuum for G.

Throughout this section we shall assume that H = ép2-+a(x).p + V(x)

= %pz + h(x);p , with h(x) = a(x) + Vﬂnﬂo(x). We shall assume also that

quation of motion
Q; = 8H/dP, , P, = - 3H/3Q,

a global solution passing through every point (Q,P), and as above, we
e Q(t,Q,P), with P, replaced by 3/3Q;, by (o
Let us define the "momentum operators' by

+
dC . ~t
i _ + ~ _dC i
a, €, B = &0

~+
Pi(0) = —g¢ " b (C)

ggested by the classical relations ii =Pp; + ai(x) and Qi = Pi + hi(Q)'

It is easy to verify that




.2) Pi(t) QO axi SZO(C ) QO’ Pi(t) 1 aQi 1 0.

suffices to differentiate thi and look at it. Similar computations are

ntained in
MMA 4.3. The following hold

) [£(ch,ecH1 8, =0, [£C,g€11 =0

r appropriate but arbitrary f,q.

. + ' - _ P = -
i) [Ci, pj] QO = 6ij QO’ [Ci,Pj] 1 Gijl
ii) [pi,pj] QO =0, [Pin] 1=0
oy 1 + + _ -1 -1 + +
O0F. (1) QO (£(C )g(C) QO) = QO Ptfg QO = QO (g(Cc) £(Cc) QO)
. -1+ _ ol o+ 3n + _ o ! 3n +y ot
i) QO Ci Pj QO = QO Ci 3;; QO(C ) QO QO 5;; QO(C ) Ci QO.
-1, d _+ oo+ _ 41 d + + _ ol o+ d F _
QO (EFCG aj(C )) Ci QO = QO It (Cj Ci) QO QO Cj It Ci QO
-1 + .+
QO aj(C )Ci QO
it from
d _ ¥n + +
I Ci QO = SEZ-QO(C ) QO + ai(C ) QO
d
-1 d , .+ 9 o~ _
QO I (Cj C.) = oY thli = AthlxJ
_ -1 3n + + + + +
=4 + QO {Ci e QO(C ) + Ciaj (C) + C. ai(C ) +

+ 3¢ +
+ Cj %;? QO(C )} QO
: follows that

+ - - 3n +
QO Pj Ci QO Gij + QO Ci SE; QO(C ) QO




‘herefore

o lict p. @
0 i ]

+ -1, +
+ P, C. = ., P. = - .
0 3 c1 90} Qo [Cl,PJ] QO S..

1]

‘est are left for the reader. [J

Now put
= - 3n + G =P

, Lemma 4.3 implies that

+ + ~t ot ~ o~
[Ci,Cj] QO [Ci,Cj] QO = [Ci’cj]'l = [Cc.,c.11=0

+ ~ ~+
[Ci,cj] QO 6ij QO [Ci(t),c (t)l1= Gij 1

t,j =1,...,n. And we also have
) Ci(t) 9 = Ci(t) 1'= 0

i=1,...,n. Now it is apparent that the notation was chosen to cor

1at of quantum mechanics.

Define now, for any multiindex (m) = (ml,...,mh)
h0=QO h0=]
= ot (m) 3 _ ot
h (x,t) = C (£)) 78, h(m)(x,t) = (C (1)) 1

from (4.6) and (4.5) we obtain an analogue to Proposition 10 in [

OSITION 4.8.

~

+ ~+

@ Cihimy = Plave,) € P T Pemve)
®)  Cihyy = mih(m—ei) Ciflm) = mih(n—ei)
5h dh, . _ &

(© 3 @ = Chey) 2™ TP
+ ~+ ~
(d) Ci Cih(m) = mih(m) Ci Cih(m) = mih(m)




R00F. Let us do (part of) (c)

+, (m) _ 3 _ ~
(€77 8y =8y 57 Q. x " =98 GP x 0

5h 3 -1
—(m = Q — Q
3t( ) 0 53¢ O

(m)

-1, + _
G QO(QO (c) Q. =Gh

0 (@) O

omment. Proposition (2.20) contains the relationship between h(x(t)) and
(x,t). We mention in passing that, by starting with a vacuum ﬁb for G
ne can obtain still more moment systems, and this is a good point to stop

or the time being.
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